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MINIMUM RIESZ ENERGY PROBLEMS FOR A CONDENSER WITH 

“TOUCHING PLATES” 

P. D. DRAGNEV D. P. HARDIN*, E. B. SAFE*, AND N. ZORII** 


Abstract. We consider minimum energy problems in the presence of an external field 
for a condenser with “touching plates” Ai and A 2 in R”, n ^ 3, relative to the a-Riesz 
kernel \x — 0 < a ^ 2. An intimate relationship between such problems and 

minimal a-Green energy problems for positive measures on Ai is shown. We obtain 
sufficient and/or necessary conditions for the solvability of these problems in both the 
unconstrained and the constrained settings, investigate the properties of minimizers, and 
prove their uniqueness. Furthermore, characterization theorems in terms of variational 
inequalities for the weighted potentials are established. The approach applied is mainly 
based on the establishment of a perfectness-type property for the a-Green kernel with 
0 < a < 2 which enables us, in particular, to analyze the existence of the a-Green 
equilibrium measure of a set. The results obtained are illustrated by several examples. 


1. Introduction 

The purpose of the paper is to study minimum energy problems in the presence of an 
external field for a condenser A with touching oppositely-charged plates Ai and A 2 in M”, 
n ^ 3, relative to the a-Riesz kernel \x — 0 < a ^ 2. The difficulties appearing 

in the course of our investigation are caused by the fact that a short-circuit between Ai 
and A 2 might occur, for the Euclidean distance between these conductors is zero. 

Therefore, it is meaningful to ask what kind of conditions on the objects in question could 
prevent such a phenomenon so that a minimizer for the corresponding a-Riesz energy 
problem might exist. One of the ideas, to be discussed for this purpose, is to impose upper 
constraints on the charges of the touching conductors. 

We establish sufficient and/or necessary conditions for the existence of minimizing measures 
for both the unconstrained and the constrained problems, and prove their uniqueness. The 
conditions obtained are expressed in geometric-potential terms for Ai and A 2 , or in measure 
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theory terms for the constraints under consideration, or in terms of variational inequalities 
for the weighted potentials. We also provide a detailed analysis of the supports of the 
minimizers. 


The approach developed in the paper is based on a newly discovered important relationship 
between, on the one hand, minimum a-Riesz energy problems over signed measures associ¬ 
ated with a condenser A and, on the other hand, minimum energy problems for nonnegative 
measures on Ai relative to the a-Green function of the domain D := MA \ A 2 . 

Regarding the latter problems, crucial to the arguments applied in their investigation is the 
pre-Hilbert structure on the linear space £g<^{D) of all (signed) Borel measures on D with 
finite ^^j-Green energy and, most importantly, a completeness theorem for certain metric 
subspaces of £g<^{D) with nonnegative elements. This completeness theorem enables us, in 
particular, to analyze the existence of the a-Green equilibrium measure of a set. 


To formulate precisely the problems in question, we first need to introduce several notions, 
to discuss relations between them, and to recall some well-known results; this is the purpose 
of the next section. The scheme of the rest of the paper is described at the end of Section 
after the formulations of the problems (see Problems 3.1 and 3.2). 


2. Basic notions; relations between them. Known results 

2.1. Measures, energies, potentials. Let X be a locally compact Hausdorff space, to be 
specified below, and TR = 91t(X) the linear space of all Radon measures /r on X, equipped 
with the vague {=weak*) topology, i.e. the topology of pointwise convergence on the class 
of all continuous functions on X with compact support. We denote by and the 
positive and the negative parts in the Hahn-Jordan decomposition of a measure g, G 9X(X), 
respectively, and by its support. Given g and a measurable function -0, for the sake 
of brevity we shall write (V’) 1^) := jil^dg^ 

A kernel K{x,y) on X is a symmetric, lower semicontinuous function k : X x X —)• [0, 00 ]. 
Given g, gi G Tl, let EK{g,gi) and Uk{-) denote the mutual energy and the potential 
relative to the kernel k, respectively, i.e. 

E^{g,gi):= j K{x,y) d{g 0 gi){x,y), 

U^{x) := j K{x,y) dg{y). 

For g = gi, the mutual energy Ef^{g,gi) defines the energy Ef^{g,g) =: Ef^{g). 
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When introducing notation, we assume the corresponding object on the right to be well-dehned. 
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2.2. Strictly positive definite kernels. Capacities. Throughout this section, a ker¬ 
nel K is assumed to be strictly positive definite, which means that G 9?t(X), is non¬ 

negative whenever defined and Ei^{p) = 0 implies /r = 0. Then the collection = Tk(X) 
of all fi G Tl with < oo forms a pre-Hilbert space with the scalar product Ei^{pi,iii) 

and the norm ||//||k := (see [lO]). The topology on defined by || • ||k is called 

strong. The following lemma from the geometry of the pre-Hilbert space 8^ is often useful 
(see m Lemma 4.1.1]). 

Lemma 2.1. Let T be a convex subset of If there exists gT with minimal norm 

ll/iolU = inf lll^lU, 

AtSP 

then such a minimal element is unique. Moreover, 

\\h-ho\\l^\\h-\\l-\\ho\\l for all fiGT. 


Given a set H C X, let be the convex cone of all nonnegative measures concentrated 

in B, and let Tl'^{B,b), b > 0, consist of all fx G 911'''(i?) with fx{B) = b. We also write 
m+ :=m+(X),£+{B) :=T^n9X+(H),T+ := £+{X), and £+{B,b) := £^nm+{B,b). 

Let Ck{B) denote the interior capacity of B relative to a kernel k, defined b}0 

(2.1) l/C^{B):=w^iB):= inf E,,{yi). 

Me£+(B,i) 


2.1 


a measure Xb 


Note that, in consequence of Lemma 
energy \\Xb\\k = Wk{B) is unique (provided it exists). 


X'fi G £fi{B,l) with minimal 


Following Fuglede [lOj . we call a kernel k perfect if any strong Cauchy sequence in £fi 
converges strongly and, in addition, the strong topology on £fi is finer than the induced 
vague topology on £fi. Note that then the metric space £fi is complete in the induced strong 
topology. What is also important is that the solution X'fi to the minimum energy problem 
appeared in (2.11 exists, provided that k is perfect, B is closed, and 0 < Ck{B) < oo 
(see m Theorem 4.1]). 


If / : X —>■ [—oo, oo] is an external field, then the f-weighted potential j- and the 
f-weighted energy of p, G Tk(X) are respectively given by 

<,/(^) ■■=ui:{x) + fix), 

G,,j{p) := E,,{p) + 2{f, p) = {Wifj + f,p). 

We also define 

£^j{X) := {p G £^{X) : G^j{p) < oo}. 


^As usual, the infimum over the empty set is taken to be -|-oo. We put l/(-|-oo) = 0 and l/O = -Loo. 






MINIMUM RIESZ ENERGY PROBLEMS FOR A CONDENSER WITH “TOUCHING PLATES’ 


4 


2.3. a-Riesz and a-Green kernels. Balayage. Fix n ^ 3, a domain D C M”, and 
a G (0, 2]. In the rest of the paper, unless stated otherwise, one of the following two cases 
is assumed to hold: either X = M” and k is the a-Riesz kernel Kq,(x, y) := |x —(where 
\x — y\ is the Euclidean distance in M”’ between x and y), or X = D and k is the generalized 
a-Green function of D, defined 

(2.2) g%{x,y) = UZix )for all x, y G F>, 

where Sy denotes the unit Dirac measure at a point y and the a-Riesz balayage onto 
:= \ D (cf. [m Chapter IV, Section 5], or see just below). 

To avoid triviality, assume each component of to have nonzero a-Riesz capacity. Note 
that, if a = 2 and D is regular in the sense of the solvability of the (classical) Dirichlet 
problem, then is, in fact, the classical Green function of D. 

Let Q be a given closed subset of By definition, the a-Riesz balayage measure 13qg of 
y G 9X(M"') onto Q is supported by Q and satisfies the relation 

= Ulijx) n.e. in Q, 

where “n.e.” {nearly everywhere) means that the equality holds everywhere in Q except for 
a subset with a-Riesz capacity zero. Such a (3qg exists and it is unique among the C-ab¬ 
solutely continuous measures u G 5[)I(M"), namely those that p(iL) = 0 for every compact 
K C M”" with Cfi^{K) = 0. Throughout the paper, when speaking of the a-Riesz balayage 
measure, we always mean exactly this one. Then, by Chapter IV, Section 5], 

(2.3) /3§y = I I3^eydg{y). 

If y ^ 0, then also C/ff^(x) ^ Uk^{x) for all x G M”. If, moreover, y G T+^(M"'), then 

E,J/3§y) ^ E,Jy) 

and also 

(2-4) ||y-/3§y||^^ < ||y-p||^^ for all u G (Q), u //3§y, 

so that /3qg is, in fact, the orthogonal projection of y in the pre-Hilbert space Tk^(M”') 
onto the convex cone Si^^{Q). 

It is well known (see dl) that, if y G S[)I'''(M"^) is bounded (i.e., y(M”') < oo), then 


This general fact is specified by the following assertion (see m Theorem 4]; for a = 2, see 
also dl Theorem B]). 

^The function go{x, y), x,y € D, is nonnegative and symmetric (see [12] and |14l Chapter IV, Section 5]). 
It is also lower semicontinuous, which follows from the lower semicontinuity of the a-Riesz kernel and the 
continuity of (x), x,y G D, the latter in turn being a consequence of (x) = (y), 

x,y € D. Hence, gf) can be treated as a kernel on the locally compact space D. 
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Theorem 2.2. Q is not a-thin at the AlexandrojJpoint oj of 
hounded measure p, G 

(2.5) /3S//(M") = /.(M"). 


if and only if, for every 


By definition, Q is not a-thin at uj if Q*, the inverse of Q relative to the unit sphere 
5(0,1) := {x G M” : \x\ = 1}, is not a-thin at x = 0, or equivalently (see [HI Theo¬ 
rem 5.10]), if X = 0 is an a-regular point for Q*^ 

li p G dyt{D) and U^a (x) is well dehned at x G D, then, due to (2.2) and (2.3), 

^ D _ _ 


U^f,i^) = ui:jx)-ur^^^{x). 


( 2 . 6 ) 

Likewise, 

(2.7) 

whenever Eg<^{p) is well defined. See [H Chapter XI, Section 10] and [HI Chapter IV, 
Section 1, n°2], where (2.7) has been shown for a = 2. For a < 2, the proof is based 
on (2.2) and ( |2.3| ) and runs in a way similar to that in M- 


Egf, (p) = {p - /3%.p) = ip) - {/3%.p ), 


It is well known that the a-Riesz kernel is strictly positive definite and, moreover, perfect 
(see, e.g., [3111171 HOl [Hj); hence, the metric space 5^(]R”) is complete in the induced 
strong topology. However, by Cartan [5], the whole pre-Hilbert space (I^”) is, in general, 
strongly incomplete, and this i s th e case even for the Coulomb kernel K 2 {x,y) = |x — y\~^ 
; compare with Theorem 


on 


2.4 


below. 


Thus, in consequence of (2.7), the a-Green kernel is strictly positive definite as well. In the 

case a = 2, the 2-Green kernel gjy is actually known to be perfect (see [llliniin]), so that, 

by [101 Theorem 4.1], the measure Xb G S\ {B, 1) with minimal gj^-Gieen energy 

9d 




-1 


'9h ' 9 ’ L 9£)' 

exists provided that B is closed and 0 < Cg 2 (B) < oo. For similar results related to the 
a-Green kernel with a < 2, see Theorems 10.1| and |ll.l below. 

From now on we shall often write simply a instead of Kq if it serves as an index. E.g., 
Ca{-) = C'k^(-) and Cga^-) denote the a-Riesz and the a-Green interior capacities of a set, 
respectively. 

Lemma 2.3. For any B C D, Ca{B) = 0 if and only if Cg<^{B) = 0. 

Proof. We need the following general facts related to an arbitrary strictly positive definite 
kernel k on a locally compact space X. First of all, for any H C X, 


( 2 . 8 ) 


C'k(H) = sup C,^{K), 
K£{K}b 


^For a = 2, this definition is due to Brelot (see |4]; cf. also |11[ I13 p. For a £ (0,2), such a notion has 
been introduced in m- 
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where {K}b consists of all compact subsets of B (see [lO]). Further, for a compact set 
K C X one has Ck{K) < oo and hence, by [ini Theorem 2.5], 

(2.9) C^iK) = sup 

where /r ranges over all nonnegative measures supported by K with the additional property 

Uk{x) ^ 1 for all X G S^. 


Now we apply representation (2.9) to a compact set K C D and each of the a-Riesz and 
the a-Green kernels, which is possible in view of their strict positive definiteness. Since for 


every /x G Uk^{x) — (x) is bounded on K in consequence of (2.6), the lemma 

^ D 


for B = K follows. To prove the lemma for any B C D, it is thus left to app 


y(2.8). □ 


Let B C D. By Lemma 2.3, if some expression E{x) is valid n.e. in B, then Cga{N) = 0, 


N being the set of all x G B with E{x) not to hold; and also the other way around. 


2.4. Condensers. Existence of minimizers. By a condenser in we mean an ordered 
pair B = {Bi,B 2 ) of nonintersecting sets Bi,B 2 C M" (so far of arbitrary topological 
structure), treated as the positive and the negative plates of B, respectively. Define 

fOT(B) := [v G 9Ji(M") : p+ G im+(Bi), G iOT+(B 2 )}, 

T„(B) :=9Jt(B)nTa(M"). 

Then the following theorem on the strong completeness is true (see |18l Theorem 1]; com¬ 
pare with [5] or iia Theorem 1. 19])0 

Theorem 2.4. Assume Bi and B 2 to be closed in M"". Then the metrie space Tq(B) is 
complete in the induced strong topology, and the strong eonvergence in this spaee implies 
the vague convergenee to the same limit. 


From now on we fix a (particular) condenser A = (^ 1 ,^ 2 ) in M"' with the plates A 2 := 
and Ai := F, where F ^ D is closed in the relative topology of D and Ca{F) > 0. Thus 


(see also Section 2.3), 

( 2 . 10 ) 


CaiAi) > 0 for all i = 1, 2. 


Also fix a unit two-dimensional numerical vector 1 = (1,1), and define 
Ta(A, 1) := {/X G Ta(A) : /x+(Ai) = pT{A 2 ) = l}. 


In view of (2.10), the class Ta(A, 1) is nonempty and, hence, it makes sense to consider 


the variational problem on the existence of Aa G <£’a(A, 1) with 


( 2 . 11 ) 


^q:(Aa) = inf Eaiij) 

/j,e£Q,(A,i) 


(=:E„(A,1)). 


^In fact, Theorem 2.4 holds true also for a £ (2,n); see |18i Theorem 1]. Its proof is based on Deny’s 


theorem [6] stating that, for the Riesz kernels, Ec, can be completed by making use of distributions with 
finite energy. Regarding the history of the question, see |16i Theorem A] and |17i Theorem 1]. 
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In particular, the following theorem on the solvability holds (see m Theorems 5, ^ 

Theorem 2.5. Let 

inf \x — y\ > 0. 

xGF, 


If, moreover, Ca{F) < oo then, for a solution to the minimum energy problem (2.11) to 
exist, it is necessary and sufficient that either Ca{D^) < oo or he not a-thin at w ^ 


In the paper, we are mainly interested in the case 

F n d^D 7 ^ 0 , 

where M"- := ML U {w} is the one-point compactification of M”’ and F := Ci^F. Then, in 


general, the infimum value in (2.11) can not be achieved among p, G To(A, 1). Using the 
physical interpretation, which is possible for the Coulomb kernel, a short-circuit between 
the plates of the condenser might occur. 


Therefore, it is meaningful to investigate what kind of conditions on the objects under 
consideration would prevent such a phenomenon, and a minimizer in the corresponding 
minimum a-Riesz energy problem for the condenser A would, nevertheless, exist. One of 
the ideas, to be discussed, is to find out such an upper constraint on the measures (charges) 
from £a{F, 1) which would not allow the “blow-up” effect between F and D^. Note that 
we do not intend to impose any constraint on the measures on 

Assume also the measures from E^{F) to be influenced by some external field /, while 
(/,//) = 0 for all p G Then, what kind of external fields, acting on the charges 

on F only, would still guarantee the existence of minimizers? 

Recently a similar problem for the logarithmic kernel in has been investigated by Beck- 
ermann and Gryson [H Theorem 2.2]. Our study is related to the Riesz kernels, and the 
results obtained and the approaches applied are rather different from those in [T]. 


3. Constrained and unconstrained minimum energy problems 

When speaking of the external field /, we shall tacitly assume that at least one of the 
following Cases I or II takes place: 

I. f\p is lower semicontinuous, and it is ^0 unless F is compact, while f{x) = 0 
n.e. in 

II. f{x) = Ua (x) for all x G M^, where a {signed) measure ( G £g<^{D) is given. 

®The first result of this type was obtained in Theorem 1], where a = 2 and Ai was assumed to 
be compact in D. See also |181 Theorem 12] where Theorem |2.5| has been generalized to any a G (0, n) 
and any a = ( 01 , 02 ) with oi > 0, i = 1,2. Instead of the balayage technique, which implicitly appears in 
Theorem |2.5[ for a G (2, n) one should use the operator of orthogonal projection in the pre-Hilbert space Ea 
onto the convex cone Ef 

'^We refer to [HHl] for an example of a set with infinite Newtonian capacity, though 2-thin at ui. 
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Note that Case II can certainly be reduced to Case I provided that ( =0. 

The values Gaj{p)-, /U G Tq(A), and Gg^j{v), v G are well defined and 

(3.1) = ||/r||^+ 2(/,/r+) >-cx), 

(3.2) Gg^j{u) = ||u||2g + 2(/, u) > -cx). 

If Case II holds, then these values can alternatively be expressed in the form 

(3.3) G^ji^i) = Ml + 2EM - ^) = ||;u + C - PUWl - lie - /3S“CllL 

(3.4) 

Write 


- Ikligg +‘^Eg<^{C,u) - ||u + C||g« - 


'95 


'95 • 


T„j(A,l) :=T„(A,l)nT„ 


^) and £pj{F,l):=£MF,l)n£g^M^y, 


and (3.4) that, in Case II, 


these classes of measures are convex. It is seen from 
(3.5) T„j(A,l) = £:„(A,1) and £^^j{F,l) = £^^{F,1). 

We denote by €{F) the collection of all ^ G with the properties 

S^jg = F and C{F) > 1; 

such ^ will be treated as constraints for measures from the class 9JI'''(F, 1). Let <£o{F) 
consist of all bounded ^ G £(T), i.e., with C(T) < oo. Given ^ G ^{F), write 

£lj{A, 1) := G £aj{A, 1) : M ^ 

£4,,(F,1):={^6£+_,(F.1): ^<{}. 

where ui ^ 1^2 means that 1^2 — ui is a nonnegative Borel measure. 

To combine (where this is possible) assertions related to extremal problems in both the 
constrained and unconstrained settings, we accept the notations 

£^f{A, 1) := T«j(A, 1) and £^^j{F, 1) := £+^ f{F, 1). 

In all that follows, we consider a fixed a G ^{F) U { 00 }, where the formal formula a = 00 
means that no upper constraint is allowed]^ and we define 


GIAA,1) := 


inf 

li&£-j{A,l) 


GajifF)^ 


GZcf(F,l)-= inf Ggc f{u). 

9 dG 

In the case a = 00 , the upper index 00 will often be omitted, i.e., we shall write 
G„j(A, 1) := G^j{A, 1) and j(F, 1) := G^.j{F, 1). 


®It is natural to set v ^ 00 for all 1/ € 9 Il''’(T). 
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Note that each of fi-^^ 1) G^a ^{F, 1) is > —oo. One can also see from (2.10) and 
that any of the classes /(-^j 1) j{F, 1) is nonempty if and only if so 


Lemma 


2.3 


is the other, and therefore the following two assumptions are equivalent]^ 


(3.6) 

(3.7) 


G*a,/(A, 1) < OO, 

GJ. ,(F,l)<oo, 


Problem 3.1. Under condition (3.6), does there exist G j{A, 1) whose /-weighted 
a-Riesz energy is minimal in this class, i.e. 


(3.8) 


Gaj{Xl) = Glj{A,l)7 


Problem 3.1 turns out to be intricately related to the following one. 


Problem 3.2. Under condition (3.7), does there exist Xp G f{F,l) whose /-weighted 
a-Green energy is minimal in this class, i.e. 


(3.9) 


G.s,/(A^) = G-.^(U,1)? 


Note that, if u = oo and / = 0, then Problem 3.1 is in fact reduced to the minimum energy 


problem (2.11), while Problem 3.2 to that appeared in (2.1) for B = F and k = g^. 


The rest of the paper is organized as follows. Sufficient and/or necessary conditions for 
Problems 3.1 and 3.2 to be solvable are established in Sections EE and In Section 
they are formulated either in measure theory terms for the constraints under consideration, 
or in geometric-potential terms for F and D'^, while in Sections and they are given in 
terms of variational inequalities for the /-weighted potentials. Sections and provide 
also a detailed analysis of the supports of the minimizers. The results obtained are proved 
in Sections [T^ and [T^ and they are illustrated by the examples in Section 


E.g., by Theorem |5.2l in both Cases I and II, the condition Gg<^{F) < oo is close to be 
sufficient for Problem 3.2 to be solvable for every a G ^{F) U {oo}, while according to 


Theorem 5.3, it is also necessary for this to happen provided Case II with C ^ 0 holds. 


However, if we restricted our analysis to the constraints from the class ^q{F) then, in Case I, 


Problem 3.2 would already be always solvable (see Theorem 5.1). Further, if we assume 
to be not a-thin at w, then all this remains true for Problem 3.1 as well. See Section]^ 
for the strict formulations of the results just described. 


A crucial key in the proofs is Theorem ] 10.1 providing us with a perfectness-type result for 
the a-Green kernel, where a < 2 (cf. [9] for a = 2). It makes it possible, in particular, to 


establish Theorem 11.1 on the existence of the a-Green equilibrium measure of a set. 


The uniqueness of solutions to Problems 3.1 and 3.2 is shown by Lemma |4.1| in the next 


section. Another assertion of this section. Lemma 4.2 discovers an intimate relationship 


'^See Lemmas 


4.5 


4.7 


and Remark 


4.8 


below, providing necessary and/or sufficient conditions for (3.6 1 


and (3.71 to hold. 
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between their solvability (or unsolvability), as well as their minimizers (provided they exist), 
which turns out to be a powerful tool in the proofs of the above-mentioned results. 

4. Auxiliary assertions 


Lemma 4.1. A solution to Problem 3.1, as well as that to Problem 3.2, is unique {provided 
it exists). 


Proof. We s 
Problem 3.2 


rail verify the latter part of the lemma. Assume there exist two solutions to 
Xp and Xp. Since the class Sfa f{F, 1) is convex, from (3.2) we get 


A^ + A^ 


— I|Af + AJ'llga -I- 4(/, Ap -I- Xff). 


Applying the parallelogram identity in Sga{D), we obtain 

0 ^ l|A^ - A^llgg ^ + ‘^Gg<^j{Xp), 


□ 


so that IIAp — XpWga = 0 by (3.9). As is strictly positive dehnite, Xp = Xp. 

Likewise, the former part of the lemma can be proved with the help of the convexity of the 
class j {A, 1) and the pre-Hilbert structure in the space <Sa(M”). 

Lemma 4.2. Assume to be not a-thin at u. Then for every a G ^{F) U {oo}, 

(4.1) Gl.j{F,l) = Gf,j{A,l). 


In addition, the solution to Problem |3.1| exists if and only if so does that to Problem 3.2 
and then they are related to each other by the formula 

(4.2) = Xp — l3f)cXp. 

Proof. We begin by establishing the inequality 

(4.3) G^g.j{F,l)^G^^j{A,l). 


Having assumed G^a jr{F, 1) < oo, we fix G £ga jr{F, 1); then, by (2.5) for Q = D^, 


On account of (2.7), (3.1) and (3.2), we therefore get 


G'sS j(^) = II^IIsS + ^) = 11^^ - ^dM\1 + 2(/, p) = Go,j{v - l3%ou) ^ Gf^jiA, 1). 


Since u G j{F, 1) has been chosen arbitrarily, this yields (4.3). 

On the other hand, for any g G j.{A, 1) we have G £ga j{F, 1). Thus, due to (2.4) 
(4.4) Gajig) = M\l + 2{f,g+) ^ \\^+-l3fpg+\\l + 2{f,p+) 


I a 

= \\g+fg.^+2{f,g+) = G,sj(/z+) ^ G^g.j{F,l). 
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In view of the arbitrary choice of // G <5^ j (A, 1) , this proves (4.1) when combined with (4.3). 
Let now Xp G S^c, j{F, 1) satisfy (3.9). Then, in consequence of (2.5), 

:= Xp — P£)cXp G £^j{A, 1). 

Substituting p, instead of fj, in relation (|4.4|), we see that all the inequalities therein are, in 


fact, equalities. Therefore, by (4.1), 

so that the measure A^, defined by (|4.2[), solves Problem 


3.1 


To complete the proof, assume further that = A"*" — A G 1) satisfies (3.8). 

Then, by (4.1) and (4.4), the latter with A^ instead of /r, 

G^g.j{F, 1) = G^J{X%) ^ ||A+ - /3S.A+||2 + 2(/, A+) 

= ||A+||2.^ +2(/,A+) = G,sj(A+) ^ G-^.j{F,l). 

Hence, all the inequalities here are, in fact, equalities. This shows that Xp := A"*" solves 


Problem 


3.2 


and, on account of (2.4), also that A = /3AcA+ = /lAcAT. 


□ 


Lemma 4.3. Assume (3.7) holds. For a measure A = A^ G TT /-(T, 1) to solve Prob- 
lem |3.2[, it is necessary and sufficient that 


(4.5) {Wg\j, P - A) ^ 0 for all p G TJ. 1). 

Proof. By direct calculation, for any v, fJ. G £ga j{F, 1) and any h G (0,1] we obtain 

(4-6) Gggj(/ip + (l-/i)^) -G'ggj(^) =2h{W^^^j,v-+ 

jjL = Xfr solves Problem |3.2[ then the left (hence, the right) side of (4.6) is ^ 0, for the 
class TJg j(T, 1) is convex, which leads to (4.5) by letting /i —)• 0. 


Conversely, if (4.5) holds, then (4.6) with fi = X and h = 1 gives Gg^ ffin) ^ Gg<^j{X) for 
all p G TJq j(F, 1), which means that X = Xp solves Problem 


3.2 


□ 


Lemma 4.4. Gg<^j{-) is vaguely lower semicontinuous on £^a{D) if Case I takes place, 
and otherwise, it is strongly continuous. 

Proof. If Case I holds, then the lemma follows from m (see Section 1.1 and Lemma 2.2.1 
therein), while otherwise it is a direct consequence of relation (3.4). □ 


Lemmas 4.5 and 4.7 below provide sufficient and/or necessary conditions that guaran¬ 
tee (3.6) and (3.7) (compare with Lemmas 4 and 5 from [2^). From now on we write 

(4.7) Fo:={xGF: f{x)<oo}. 

Lemma 4.5. Let a = oo. Then (3.7) {hence, also (Ii;^) holds if and only if GffiFo) > 0. 
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Proof. Suppose first that Ca{Fo) > 0. On account of [TOl Lemma 2.3.3], then one can 
choose a compact set K C F with Ca{K) > 0 so that f{x)^M<oo f or al l x G iL. In 
turn, this yields that there exists u G S^a{K, 1) with Gg<^j{v) < oo, and (3.7) follows. 


= 0. Then 
□ 


To prove the necessary part of the lemma, assume, on the contrary, that Cq,(To] 
for every /i G 1), we necessarily have Gg<^j{v) = oo, which contradicts 

Definition 4.6. ^ G ^{F) is called admissible if its restriction to any compact subset of F 
has finite a-Riesz (hence, a-Green) energy. Let A{F) consist of all admissible constraints. 

When considering admissibility of a measure, the parameter a and the set F should be clear 
in each context. Observe that, for a constraint ^ G ^(F) to be admissible, it is sufficient 
that its a-Riesz potential be continuous. Also note that any ^ G A{F) is C-absolutely 
continuous. 


Lemma 4.7. If ^ ^ A{F), then (3.7) {hence, also (3.6)) holds provided that f{Fo) > 1. 


Proof. Choose a compact set K C F so tha t fjK ) > 1 and f{x) ^ M < oo for all x G AT. 
Then f,\K/ f,{K) G ^{F, 1), which yields (3.7). □ 


Remark 4.8. If Case II takes place, then /(x) is hnite n.e. in F and, hence. Lemma 4.5 
(similarly. Lemma 4.7) remains true with Ca{Fo) > 0 (respectively, C{Fo) > 1) dropped. 


5. Criteria of the solvability, given either in measure theory terms for a, 
OR in geometric-potential terms for F and 


Throughout this section and Sections a nd [T] assume (3.6) or, equivalently, (3.7) to be 
satisfied. See Lemmas 4.5, 4.7 and Remark |4.8| above, providing necessary and/or sufficient 
conditions for these to hold. 


Theorem 5.1. If Case I takes place, then Problem 3.2 is {uniquely) solvable for every 
constraint ^ G €o{F). 

In the next theorem, the following condition on the geometry of the condenser A is required 
to hold: 

(*) If a <2, then F n d^D consists of at most one point. 

Note that we do not impose any restriction on F n d^D provided that a = 2. 

Theorem 5.2. If, moreover, 

(5.1) Gg<^{F)<oo 

then, in both Cases I and II, Problem 3.2 is {uniquely) solvable for every a G C(F)U{oo}p^ 


^^Compare with |21l Theorem 2.2] and [221 Theorem 8.1]. 
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Theorem 5.3. Suppose that Case II with ( ^ 0 takes place. If, moreover, Cg<^{F) = oo, 
then Problem 3.2 is unsolvable for every a G ^{F) U {oo} such that a ^ ^O; where £ 
C(F) \ (to{F) is properly chosen. 


Combining Theorems 5.2 and 5.3 shows that, if assumption (*) and Case II with C ^ 0 


both hold, then ( |5.1[ ) is necessary and sufficient for Problem |3.2| to be solvable for every 
a G £(T) U {oo}. 


Theorem 5.4. Assume to be not a-thin at ui. Under the hypotheses of Theorem 5.1 


{similarly. Theorems 5.2 or 5.3), its conclusion remains true for Problem 3.1 as well 


Indeed, Theorem 5.4 is obtained from Theorems 5.1 -5.3 with the help of Lemma [T2 


In the next two sections we shall examine properties of the /-weighted potentials and 
the supports of the minimizers \p and A^, whose existence has been ensured, e.g., by 
Theorems 15.1115.21 and 15.4 


6. Variational inequalities for the /-weighted o-Green potentials 
This section provides necessary and/or sufficient conditions for the solvability of Prob¬ 


lem 3.2 in terms of variational inequalities for the /-weighted a-Green potentials. It also 
presents a detailed analysis of properties of the supports of the minimizers. 

Following m p. 164], we denote by F the reduced kernel of F, i.e. 

(6.1) F := [x e F : Ca{B{x, e) Ci F) > 0 for every e > O}. 

Here B{x,£) := {y G : \y — x\< ej. Observe that, if the constraint under consideration 
is admissible, then necessarily F = F. 

To simplify the formulations of the results obtained, throughout this section and Section 
we assume dD to be simultaneously the boundary of the (open) set Int D'^. Here, the 
boundary and the interior are considered relative to MF. Notice that then mn{D‘^) > 0, 
where is the n-dimensional Lebesgue measure. 


6.1. Variational inequalities in the constrained a-Green minimum energy prob¬ 
lems. We start by studying Problem 3.2 in the constrained case (i.e., for a ^ oo). In this 


section, we consider ^ G A{F) and assume that ^{Fq) > 1. Note that, for any v G T^(T), 


IPT r{x) is well defined and / —oo n.e. in F, while it is finite n.e. in Fq (see (4.7)). 

^ D ’’J _ 


Theorem 6.1. Let Case I take place. Then a measure A G ^{F, 1) solves Problem 


if and only if there exists wx G 

( 6 . 2 ) 


possessing the following two properties: 


3.2 


Wga j{x) ^ Wx (^ — A)-a.e. in F, 


( 6 . 3 ) 


Wga j{x) ^ Wx for all x G S^. 
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Corollary 6.2. Let /|^= for some X £ If A solves Problem 

= 0 . 

When speaking of the non-weighted case / = 0, we simply write 

4(F,l):={uGf+(F,l): 

Then Problem 


3.2 


then 


3.2 


is in fact reduced to that on the existence of Aq G Sga{F, 1) with 


(6.4) 


Eg^{Xo)= inf Eg^iu). 

(F,l) 


Corollary 6.3. Let f = 0. A measure Aq G Lgc (F, 1) solves Problem 
there exists G (0, oo) such that 

(6.5) 

( 6 . 6 ) 

If, moreover, a < 2, then also 
(6.7) 


3.2 


if and only if 


UgS (x) = wxo (? - Ao) - a. e. in F, 
Uga{x) ^ Wxg for all x e D. 


= F. 


On account of the uniqueness of a solution to Problem 3.2, such a is unique (provided 
it exists). Integrating (6.5) with respect to ^ — Aq, we get 

-^9S(Ao,? - Ao) 


( 6 . 8 ) 


^Ao = 


(^-Ao)(7)) 


6.2. Variational inequalities in the unconstrained a-Green minimum energy 
problems. Throughout this section, it is assumed that u = oo. We proceed with cri¬ 


3.2 


teria of the solvability of Problem 3.2 given in terms of variational inequalities for the 
/-weighted a-Green potentials. In the unconstrained case, the results obtained take a sim¬ 
pler form if compare with those in the constrained case, while provide us with much more 
detailed information about the potentials and the supports of the minimizers. 

Theorem 6.4. Suppose that Case I takes place. For A G Sp, j-{F, 1) to solve Problem 
it is necessary and sufficient that there exist tcj G M possessing the properties 

(6.9) Wga j{x) ^ Wf n.e. in F, 

(6.10) Wga j{x) ^ Wf for all x G S^. 

Such a number Wf is unique {provided it exists) and can be given by the formula 




Corollary 6.5. Let Problem 3.2 he solvable. Then the following two assertions hold: 
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(a) If Case II with C ^ 0 takes place, then Cg<^{F) < oo; 

(b) If /|^= for X G M+{D), then C^dD n = 0. 


Corollary 6.6. Let / = 0. Then Xp G S^a{F, 1) solves Problem 3.2 if and only if there 
exists a number w G (0, oo) admitting the properties 


( 6 . 11 ) 

( 6 . 12 ) 


(x) = w n.e. in F, 

Ugl (x) ^ w for all X £ D. 


Such a number w is unique {provided it exists) and can be written in the form 

W = Eg^^{XF)=Wg^^{F)=[Cg^jF)]-\ 

Furthermore, if the minimizer Xp exists, then it is the unique measure in the class £^^(F, 1) 
whose a-Green potential is constant n.e. in F. Namely, if v £ S^a{F, 1) and Uga{x) = c 
n.e. in F, where c G M, then v = Xp. 


Recall that the reduced kernel F of F has been defined by (6.1). For the sake of simplicity. 


in the following assertion we assume that, if a = 2, then D \ F is connected. 


Corollary 6.7. Let / = 0. If Xp solves Problem 3.2, then, in addition to (6.11) and (6.12), 
we have 


(6.13) 

Furthermore, 

(6.14) 


UgT (x) <w for all x£ D\ F. 


Q^F _ 

‘^D — 


F if a < 2, 
dp)F if 0 = 2. 


6.3. Duality relation between non-weighted constrained and weighted uncon¬ 
strained a-Green minimnm energy problems. Throughout this section, F is com¬ 
pact. Consider the non-weighted Problem |3.2| with a constraint ^ G 'L{F) whose potential 


Ugc (x) is continuousj^^l Note that then Eg<^{ff) < oo. Also assume that Aq is its solution. 


i.e. both Ao G 1) and (6.4) hold. Write 


^:=9(C“^o), where q : = 


e(F)-l- 


Combining Corollary |6.3| and Theorem 6.4 allows us to formulate the following result. 


11 


When speaking of a continuous function, we understand that the values are finite numbers. 
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3.2 


Theorem 6.8. The measure 9 solves Problem 
in both the unconstrained and the q^- constrained 


with the external field f{x) := —qUga{x) 
'settings, i.e. 


and G.gj(0) = 1) = j(F, 1). 


Moreover, 


(6.15) = -^w'Ao 

(6.16) ^ 


where is the number determined by (6.8). 


qO 

on 

on D, 


7. Variational inequalities for the /-weighted o-Riesz potentials 


This section is devoted to necessary and/or sufficient conditions for the solvability of Prob¬ 


lem 3.1 with cj G ^(T) U {oo}, given in terms of variational inequalities for the /-weighted 


a-Riesz potentials. Throughout this section, we assume D'^ to be not a-thin at io. 


Then, by Lemma 4.2, for = A"*" — A to solve Problem 3.1, it is necessary and sufficient 


that A"*" solve Problem 3.2 with the same a. Furthermore, by (4.2), 

(7.1) A-=/3S.A+, 

which yields 

VF^A(x) = (x) + fix) = W^^jix) for all x G D. 


For the sake of simplicity, in the next assertion we assume that in the case a = 2, D is 
simply connected. 


Lemma 7.1. If A^ = A"*" — A solves Problem 
(7.2) 


3.1 


then 


cA _ 
— 


if a < 2, 
dD if a = 2. 


Indeed, Lemma 7.1 follows from (7.1) and the description of the supports of the a-Riesz 


balayage measures. 


7.1. Variational inequalities in the constrained a-Riesz minimum energy prob¬ 
lems. In this section, consider ^ G Al(T) and assume ^{Fq) > 1, where Fq was given 
by (4.7). Combining what has been noticed just above with the assertions of Section 6.1 (for 


A"*" instead of A or Aq) results in the following Theorem 7.2 and Corollaries 7.3 and 7.4 
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Theorem 7.2. Let Case I take place. Then — A £ ^(A,l) is the {unique) 

solution to Problem 


3.1 


if and only if (7.1) holds and, in addition, there exists G 


possessing the following two properties: 


^ “ A+)-o.e. in F, 

^ for all x G . 

Corollary 7.3. Assume that f\^= for some x £ ^'^{D). If A^ = A"*" — A“ solves 
then Ca{dD n ) ~ 


Problem 


3.1 


3.1 


Corollary 7.4. Let f = 0. A measure A^ = A^ — A G £^j-{A,l) solves Problem 

if and only if (7.1) holds and, in addition, there exists a {unique) number w' c G (0, oo) 

_ 

such that 


Ua^{x) = w' ^ — X~^)-a.e. in F, 

Aa 

Ua^{x) ^ w' ^ for all x G D. 

Aa 

Furthermore, if a <2, then also = F and S^„ = D^. 


In the notations of Corollary 6.3 with A"*" in place of Aq, 


w . = 
''a 


Eo,{Xi,^-X+) _ i^,g(A+,e-A+) 

(e-A+)(Zl) {^-X+){D) 


= wx+- 


7.2. Variational inequalities in the unconstrained a-Riesz minimum energy prob¬ 
lems. In this section, cj = oo. Similarly as it has been done just above, we derive the 


following corollaries from the assertions of Section 6.2 


Corollary 7.5. Assume Case I takes place. A measure Aa = A"*" — A“ G £aj{A, 1) solves 
Problem 3.1 if and only if (7.1) holds and, in addition, there exists a {unique) number 
G M possessing the properties 


w 


f 


W^^{x) ^ w'f n.e. in F, 


VF^j(x) ^ Wj for all x G . 

Furthermore, then w'j = Wf, where Wf is the number from Theorem 
and (b) of Corollary 6.5 both hold. 


6.4 


and assertions (a) 


For the sake of simplicity, in the following assertion we assume that in the case a = 2, 
D\F IS simply connected. 
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Corollary 7.6. Let f = 0. A measure Aa = A"*" — A G iSq(A,1) solves Problem 
and only if (7.1) holds and there exists a (unique) number w' G (0,oo) such that 

Ua^(x) = w' n.e. in F, 

U^^{x) ^ w' for all x £ D, 

U^^{x) < w' for all x£ D\F. 

Furthermore, then w' = w, where w is the number from Corollary |6.6l i.e. 

w' = i^„(AA, A+) = i7„(AA) = Eg<.^(X+) = Wg<^^(F) = [Cgl(F)]-^ = S«(A,1). 


3.1 


if 


The descriptions of and S^n are given by (6.14) for A'*' in place of Xp and (7.2), 
respectively. 


8. Proof of Theorem O 

Consider an exhaustion of F by an increasing sequence of compact sets Kk, /c G N. Since 
the constraint ^ is bounded, it holds 

(8.1) hmC(F\Afc) = 0. 

k^oo 


Because of assumption (3.7), there exists {/ifjrgN C S^a j-{F, 1) such that 


( 8 . 2 ) 




i^OO 


This sequence is vaguely bounded; hence, by [21 Chapter III, Section 2, Prop. 9], it 

has a vague cluster point fiQ. We assert that, in Case I, go is a solution to Problem |3.2| 

Since 9J1'''(F) is a vaguely closed subset of Tl'^(D), we get go G Tl~^(F) and go ^ Let, 
further, be a subsequence of converging vaguely to go- Then 


1 = lim ge^(F) ^ go(F) = lim go{Kk) 

m^oo k^oo 

^ lim limsup ^£,„(Afc) = 1 - lim Yimml gi^(F \ Kk). 

k —^OO ffi ^—^OO 772 ^CXD 


On account of the fact that g£,„(F \ Kk) ^ f,(F \ Kk) for all m, fc G N, combining the 
preceding chain of inequalities with (8.1) yields go(F) = 1- 

To complete the proof, it thus remains to observe that Ggaj(go) ^ j(F, 1), which is 
seen from (8.2) in view of the lower semicontinuity of Gg^j on Sp, (D) (see Lemma 4.4). 


□ 
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9. Proof of Theorem 15.31 


Under the assumptions of the theorem, Case II with C ^ 0 takes place, and therefore 


(9.1) 


+ 2 -U 3 g(C,u) ^ Eg<^{iy) ^ 0 for all u G 


Consider an exhaustion of F by an increasing sequence of compact sets Kk, k G N. Since 
Cgf,{F) = oo, it holds Cg<^{F \ K^) = oo for all k G N. Hence, for every k one can choose 
a measure G {F \ Kj., 1) with compact support so that 

^ D 


(9.2) 


lim ||Pi.|ua = 0. 


Certainly, there is no loss of generality in assuming Kk U S'^ C Kk+i- 


Fix ^ G <t{F) and write .^o := C then £ ^{F) \ <to{F). Due to (3.5), for each 

a G £(T) U {oo} such that a ^ ^o, it holds 

Ufc G £ga j{F, 1) for all k gN. 


From (9.2) and the Cauchy-Schwarz inequality we get 


li^ Gg^jiuk) = ^Im [Ikfcligg, + 2F;gg(C,Pfc)] ^ 2||C||gg ITfciisB 


k^oo 


lim 

k^oo 


= 0 . 


Combined with (9.1), this yields AF, 1) = 0. Repeated application of (9.1) shows also 

y r)ij 


that such an infimum value can be attained only at zero measure. As 0 ^ £A AT, 1) 


Problem 3.2 with a specified above is unsolvable. 


9FF 
□ 


10. (U-GrEEN strong COMPLETENESS THEOREM 

A crucial point in our proof of Theorem |5.2[ given in Sectionis the following perfectness- 
type result for the a-Green kernel. 

Theorem 10.1. Let F <gW^ he closed in D. If a < 2, require additionally F n d^D to 
consist of at most one point. Then any strong Cauchy sequence (ufcjfceN C £p, (F) with 

(10.1) sup nk{F) < oo 

fceN 

converges both strongly and vaguely to the unique vq G £^,^{F). 


Proof We can certainly assume that a < 2, since otherwise the theorem holds true due to 
the perfectness of the 5 |,-kernel, established in [9]. 

The (strongly fundamental) sequence {ufclfceN U £A {F) is strongly bounded, i.e. 

^ D 
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Besides, by (10.1), {ufcjfceN is vaguely bounded, and hence it has a vague cluster point uq- 


Since £^a(E) is a vaguely closed subset of we have uq £ 

Let be a subsequence of {ufclfceN such that 


(10.2) Ufc, - 

We next proceed to show that Vkt 

(10.3) 


pq vaguely as £ ^ oo. 

A pq also strongly in (E), i.e. 

^ D 

lim ||Pfc« - PoL“ = 0. 


i^OO 


As C £^a{E), being a subsequence of the strong Cauchy sequence {pfcjfceN) is 


strongly fundamental as well, we see from (2.7) that 

(10.4) := Vki - /5ScPfc^, £ G N, 

is strongly fundamental in £’q(M"'). The proof of (10.3) is given in two steps. 


Step 1. Throughout this step, let E n d^D either be empty or consist of only uj. Then 
Uki and are supported by the sets E and D'^, which due to the assumptions made 

are closed in M”" and nonintersecting. Consider the condenser B := {E,D^). The strong 
completeness theorem from [18] (or see Theorem 2.4 above) yields that there exists the 
unique measure p = p"*" — p“ G Ta(B) such that 


(10.5) 


lim ||pfc. - p||q, = 0. 




Furthermore, by this theorem, p^ and p are the vague limits of the positive and the 


negative parts of Pfc^, ^ G N, respectively. In view of (10.2), we thus have 

( 10 . 6 ) 

for the vague topology is Hausdorff. 


p' = Po, 


By the remark in ini p. 166], it follows from ( jlO.Sj ) that there exists a subsequence of the 
sequence (denote it again by the same symbol) such that 


U^{x) = lim Ua'^^ix) n.e. in 

i^oo 


On account of (10.4) and the countable subadditivity of C'o(-) over Borel sets, we see from 


the preceding relation that U^{x) = 0 n.e. in and, therefore, p = /J^icP"’". Combining 
this with (10.4), (10.5) and ( |10.6 ) implies 

II {^kt - - /3%o (pfc^ - Po) 11^ = 0, 


which in view of (2.7) establishes (|10.3|). 


Step 2. We next prove relation (^10.3| in the case E n d^D = {xq}, where xo / w. 


Throughout this step, all the measures can be assumed to have zero mass at xq, for we can 
restrict our consideration to those with finite energy. 
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Define the inversion with respect to S(xo, 1), namely, each point x / xq is mapped to the 
point X* on the ray through x which issues from xq, determined uniquely by 

|x — Xo| • \x* — Xo| = 1. 

This is a one-to-one, bicontinuous mapping of M"' \ {xq} onto itself; furthermore, 

ko-x||x!,-y|- 

It can be extended to a one-to-one, bicontinuous map of M"- onto itself by setting xq >--)• cj. 

To each v G (with u({xo}) = 0) we correspond the Kelvin transform v* G 

by means of the formula 

du*(x*) = |x — xol””"" du(x), X* G M"'. 


Then, in view of (10.7), 
( 10 . 8 ) 

and therefore 
(10.9) 


(x*) = |x-xor-“t/^(x), x*G 


Ea{v*) = Ea{y) 

(see im Chapter IV, Section 5, n° 19] and [TU Chapter V, Section 2, n° 8], respectively). 
It is obvious that the Kelvin transformation is additive, i.e. 

(10.10) (ui + ua)* = + 

We also observe that 

(10.11) (/3Scu)*=/3“5,).p*, 

where [D^)* is the image of under the inversion x i— x*j^ Indeed, in view of (10.8) 
and the definition of the a-Riesz balayage, we get 


U, 




(x*) = |x - xor-“KfS^"(x) = |x - xor-“C/^(x) = K*ix*), 


the relation being valid for nearly all x G D^. Consequently, it also holds for nearly all 
x* G {D'^Y, because the inversion of a set with Cq(-) = 0 has the interior a-Riesz capacity 
zero as well (see 0 Chapter IV, Section 5, n° 19]). Since (/Jg^u)* is supported by (D^)*, 
identity (10.11) follows. 


Applying m Lemma 4.3] to i G N, and uq (where Uki-, ^ G N, and uq are as above), 
on account of (10.1) and ( |10.2 ) we have 

( 10 . 12 ) 


12ln fact, (D“)* = (DD* U {xq}- 


—)> Ug vaguely as ^ oo. 
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Also observe that, according to (10.9) and the fact that {i^ki}ieN i s stro n gly fnn dame ntal, so 
is the sequence £ N, which in consequence of (10.4), (10.10) and (10.11) 

can be rewritten in the form 


(10.13) 




The positive and the negative parts of (i^)* are supported by the sets E* and 
respectively, which are closed in and nonintersecting; hence, the strong completeness 
theorem from [18] (see Theorem 2.4 above) can be applied. Therefore, there exists the 
unique measure u = u"*" — G Tq,(M"'), where and are supported by E* and {D^)*, 
respectively, such that 


(10.14) 


lim II ivh.Y — u\\ = 0. 

j II V Ha 


i^oo 


Furthermore, and i>~ are the vague limits of the positive and the negative parts of (r^)*, 
£ G N, respectively. When combined with (10.12), (10.13) and the fact that the vague 
topology is Hausdorff, this implies 


(10.15) 


u — Pn 


In view of ( |10.14 ) and the remark in |10l p. 166], one can choose a subsequence of the 
sequence {(denote it again by the same symbol) so that 


U^ix) = lim U, 
e^oo 


{^k.y 


{x) n.e. in 


On account of (10.13), we thus have U^{x) = 0 n.e. in {D^*, and therefore, by (10.15), 


(10.16) 


--= = PiWr-o- 


Using the fact that the Kelvin transformation is an involution and applying (10.9), (10.10) 
and (10.11) again, we conclude from (|10.14), (10.15) and ( 10.16|) that 




pq —(as £—>■ oo) in £’q,(M"), 


or equivalently, by the definition of p^^, 


A™ II ~ “ ^o) IL = 0. 


Repeated application of (2.7) then proves relation (10.3) also in the case Edd^D = {xq} 


where xq / w. This completes Step 2. 


Since the sequence {pfcjfceN is strongly fundamental, Pfc —)• pq strongly by ( 10. 3| ). It has 
thus been proved that {pfcjfceN converges strongly to any of its vague cluster points. As the 
a-Green kernel is strictly positive definite, pq is the only vague cluster point of {pfcjfceN, 
and so Pfc —)• pq also vaguely. □ 
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11. a-G reen equilibrium measure 

Theorem 11.1. Let E C M"" he closed in D. If a < 2, require additionally E (1 d^D 
to consist of at most one point. If, moreover, Cg>^{E) < oo, then there exists an a-Gre- 
en interior equilibrium measure j = 'Je on E, that is, a one possessing the properties 
7 G <Si (E) and 

yD 

(11.1) 

( 11 . 2 ) 

(11.3) 


E,g(7)=7(i?) = C3g(i?), 
Ufaix) ^ 1 n.e. in E, 

iJD 

Uga{x) ^ 1 for all X G Sj). 


This 7 solves the problem of minimizing the energy Eg<^ (u) over the eonvex class Te of 
all V G Sg<^{D) such that Uga{x) ^1 n.e. in E, and hence it is unique. 


Proof. This theorem needs to be proved only in the case a < 2, since otherwise it is a 
special case of m Theorem 4.1] in view of the perfectness of the ^^^-Green kernel. Also 
note that we can assume E to be noncompact in D, for if not, then the theorem follows 
from jinj (see Theorem 2.5 and Lemma 3.2.2 with t = 1 therein). 

Consider an exhaustion of E by an increasing sequence of sets C i?, /c G N, compact 


in D, and let 7 ^ = be the a-Green equilibrium measure on Kk- Then, by (11.1) with 


E = Kk and (2.8), 
(11.4) 


lim 

k—^00 


2 

3d 


= lim Cg<^{Kk) = Cg<^{E) < 00 . 


k^OO 


9d^ 


Since 7^ G T^^ for all k ^ p, which is seen from the monotonicity of and inequal¬ 


ity (11.2) with E = Kk, Lemma 2.1 yields 


llTfc - 7 pll 


3d 




2 

3d 




for all k ^ p. 


In consequence of the last two relations, {yfcjfceN C Ti (E) is strongly fundamental. In 

y D 


addition, by (11.1) with E = Kk 
(11.5) 


-ik{E) = Cg^jKk) < Cg^jE) < 00 for all A; G N, 


so that all the assumptions of Theorem 10.1 for {'yk}keN are satisfied. Hence, there exists 


the unique 7 G £^a{E) such that 7fc —>■ 7 both strongly and vaguely. 


On account of (11.4), we thus get 

( 11 . 6 ) 


'ia = lim 
3d k^OO 


3d 


= Cgf,{E). 


According to uni (see the remark on p. 166 therein), the strong convergence of 'jk to 7 also 
yields that there exists a subsequence 7^^ = ^Kk^i I’ G N, of {7fc}fcgN such that 

lim (x) = Ufa (x) n.e. in D, 

1^00 3 d ^ ' 3 d ^ ' 
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while by (11.2) for E = Kk,, 




n.e. in Kk.. 


Since the sets £ G N, increase and E = the last two relations imply (11.2). 

Here we have used the fact that the a-Green capacity of a countable union of Borel sets 
with zero a-Green capacity is still zero; see m- 

Fix X G Sj). As 7fc —>■ 7 vaguely, one can choose Xk G S]^ so that —)• x as A: —>■ oo. 

Because of the fact (cf. [TOl Lemma 2 . 2 . 1 ]) that U^a (x) is lower semicontinuous on the 

product space D x 9Jt+(Zl), where is equipped with the vague topology, we get 

GL (x) ^ liminf C/ 2 J (xk). 
k^oo So" 

Since, by (11.3) for E = Kk, U^a{xk) ^ 1 for all A: G N, inequality (11.3) follows. 

In view of the vague convergence of 'jk to 7 , we also have 

-f{E) ^ liminf jkiE), 

k^oo 


so that 7 (i?) ^ Cga{E) by (11.5). When combined with (11.6), this shows that, in order 
to complete the proof of ( 11 . 1 ), it is left to establish the inequality 7 (i?) ^ Cga(E), but it 
follows at once by integrating (11.3) with respect to 7 . 

Finally, iini Lemma 3.2.2] with t = 1 yields the very last assertion of the theorem. 


□ 


Remark 11 . 2 . je coincides up to a constant factor with the solution Xe of Problem 3.2 


(for E in place of E) with cr = 00 and / = 0. See Gorollaries 6.6 and 6.7 for a more detailed 
information about the properties of the a-Green potential and the support of A^;. 


12. Proof of Theorem O 

In this section we follow methods developed in |21j (see Theorems 2.2 and 3.1 therein). 
Under the assumptions of Theorem |5.2t the following auxiliary result holds. 

Lemma 12 . 1 . For any a G ^{F) U {00}, the metric space 

is strongly complete. In more detail, any strong Cauchy sequence {/XfcjfceN C 1) 

converges both strongly and vaguely to the unique fro G £ga{F, 1). 


there exists the unique /io G £ga{F) such that 

Fk —t ho strongly and vaguely. 

Actually, ho £ since £ga{F) is vaguely closed. Hence, it is left to show that 

( 12 . 1 ) MF) = 1 . 


Proof. Fix a strong Gauchy sequence {hk}ken U £ga{F,l). According to Theorem 


10.1 
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Assume F to be noncompact, for if not, then (12.1) is evident. Consider an exhaustion 
of F by an increasing sequence of sets Km C F, m G N, compact in D; then 

1= lim /ifc(F) ^/io(F) = lim ^^{Km )hm limsup/ifc(Arm) 

k^oo m-^-oo m^oo 

= 1 — lim lim inf /rfc(F \ Km)- 

m—>-oo k^oo 


Therefore, identity (12.1) will be established once we prove 
(12.2) lim liminf ni«{F \ Km) = 0. 

m—^oo fc—>-oo 


Write Km ■= CioiF \ Km)- It is seen from Theorem 11.1 that, under the assumptions 
made, there exists the a-Green equilibrium measure 7m on K^, and it solves the problem 
of minimizing Eg^ (u) over the convex cone Since, by the monotonicity of K^, m G N, 


and relation (11.2) for E = K^, 7m belongs to Tp for all p ^ m, Lemma 2.1 yields 


-7pll 


9d 






9S “ p^m. 


Furthermore, it is clear from (11.1) for E = K^ that the sequence ||7m||oa, m G N, is 
bounded and nonincreasing, and hence it is fundamental in M. The preceding inequality 
thus implies that 7m, m G N, is strongly fundamental in £p,{D). Since it obviously 
converges vaguely to zero, zero is also its strong limit due to Theorem |10.1 Hence, 

lim || 7 m||g«= 0 . 


Besides, by (11.2) for E = K^, 

Pk{F\Km) ^ ^^k{K*m) ^ {U]F,Pk) ^ ||7 


/m|l95 


ga for all k, m G N- 


As ll/rfcllgg, /c G N, is bounded, combining the last two relations yields (12.2). 


□ 


Now we are able to complete the proof of Theorem 5.2 In view of (3.7), one can choose 
Ufc G £^a f{E,l), k G N, so that 

(12.3) ^Im Gg>^j{uk) = G^g<^j{E, 1) < cx). 

Based on the convexity of the class TJq j(F, 1) and the pre-Hilbert structure on £g<^{D), 
with the help of arguments similar to those in the proof of Lemma |4.1| we obtain 

0 ^ \\vk - Ppligg ^ -4:Gg^j{E, 1) -h 2Gggj(ufc) -h 2Gg^j{vp) for all /c,p G N. 

Substituting (12.3) into this relation implies that {ufclfceN is strongly fundamental in the 

therefore converges both strongly and 
we thus get 


metric space TJa(F, 1). By Lemma 


12.1 


4.4 


vaguely to the unique pq £ 1). On account of Lemma 

(12.4) Gg^ji^o) ^ lim Gg^j{uk) = Gg<.jiE, 1) < cx). 


Hence, pq £ ^ga f{F, 1) and, consequently, j(po) ^ G^c j{E, 1). Combined with (12.4), 
this shows that pq =: Xp is the solution to Problem 13.21 □ 
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13 . Proof of the assertions formulated in Section [ 6 ] 


13.1. Proof of Theore m |6. l[. Fix A G j{F, 1), and first assume that it solves Prob¬ 
lem 3.2 Then inequality ( |6.2p holds for w\ = L, where 

L := sup {q G M : Wg,^ j{x) ^ q (^ — A)-a.e. in P}. 


In turn, (6.2) with w\ = L implies L < oo, since j{x) < oo holds n.e. in Fq, hence 
(^ —A)-a.e. in Fq, while (^ —A)(Po) > 0. Also, L > —oo, for / is bounded from below. 

We proceed by establishing ( |6.3P for w\ = L. Having denoted (cf. [8l IT5]1 

F^{w) := [x e F : Wga j{x) > w] and F~{w) := {x G P : Wga j{x) < tc}. 


where tc G M is arbitrary, we assume on the contrary that ( [6.3^ for w\ = L does not hold. 
In view of the lower semicontinuity of Wga j on P, then one can choose wi G (L, oo) so 

that A(P'''(r(;i)) > 0. At the same time, as wi > L, relation (6.2) with w\ = L yields 
(^ —A)(P“(t(;i)) > 0. Therefore, there exist compact sets Ki C F~^{wi) and K 2 C F~{wi) 
such that 

0<A(Pi)<(e-A)(P2). 

Write T := (^ — then r G <5^(P2)- Since ^ wit{K 2 ) < 00, we get 

(/, r) < 00. Define 

6 := X — X\^^+CT, where c := A(Pi)/r(P 2 ) £ (0,1). 

A straightforward verification shows that 0{F) = 1 and 0 ^ and so 0 G S^a f{F, 1). On 

i/p) 5 J 

the other hand. 


which is impossible in view of Lemma 4.3 This proves the necessary part of the theo¬ 
rem. 


Next, let A satisfy both (6.2) and (6.3) for some w\ G M. Then X[F~^{w\)) = 0 and 
— A) [F~{wx)) = 0. For any u G Sgc j(P, 1), we therefore obtain 

A4./.‘'-^>=A4./-“a.>--a> 

= (W^.J - + (W^.J - WX, {v - > 0. 


Application of Lemma |4.3| shows that, indeed, A is the solution to Problem 3.2 □ 
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13.2. Proof of Corollary 


6.2 


Under the conditions of the corollary, j{x) > 0 in H 


hence, the number wx from i'heorem 6.1 satisfies relation 
(13.1) Wx G (0, oo). 

(a:) - 


Furthermore, in the notation 'I'(x) := Ui 
can be rewritten in the form 




(x), X G M"’, inequality (6.2) 


^ Wx > 0 — A)-a.e. in F. 

We can certainly assume that there is yo G dD n for if not, then the corollary is 

obvious. Since for every e > 0 it holds (^—A) [B{yQ, e)) > 0, one can choose x^ G Fr\B{yQ, e) 
so that 'I'(x£) ^ Wx > 0- Therefore, 

limsup 'I'(x) ^ Wx > 0. 

x—>^yo, xGD 


On the other hand, 'I'(x) ^ 0 for all x G MF and 'I'(x) = 0 n.e. in hence, 

liminf 'I'(x) = 0. 

x^yOi x^D^ 

Consequently, T is discontinuous on dD n and Lusin’s type theorem for the a-Riesz 

potentials (see m Theorem 3.6]) establishes the corollary. □ 


13.3. Proof of Corollary 

lem 


3.2 


6.3 


Fix 


ix Aq G TL f{F). We first assume that it solves Prob- 

^D^'' _ _ _ 


and let w'^^ G (0, oo) be the number from (6.2) and (6.3) for / = 0 (see also (13.1)). 


The^6.3) can be rewritten in the form 

Note that the right-hand side of this relation is a-superharmonic in MF. Applying m 
Theorems 1.27, 1.29], we see that, actually, 

(13.2) U^°ix) ^ w'x^ + for all x G M", 


which gives (6.6). Combining (6.6) with (6.2) for A = Aq and wx = w'^^ results in (6.5). 

) hold for some w'^^^ 
as was to be proved. 


Assuming now that both (6.5) and (6.6) hold for some w'^^^ G (0,oo), we conclude from 
Theorem 6.1 that Aq solves Problem 


Finally, let a < 2 and let Aq solve Problem 3.2 To establish (6.7), assume on the contrary 
that there exists xq £ F such that xq 0 S^. Then one can choose r > 0 so that 


B{xo,r) := {x G 


— xo| ^ r} C iA and B{xo,r) n = 0. 


It follows that (^ — Xo)[B{xo,r) Ci F) >0. Therefore, by (6.5), 

(13.3) U^°{xi) = w\ + uf°‘'^°(xi) for some xi G B{xo,r) n F. 
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As is a-harmonic in B{xo,r) and continuous on B{xo,r), while is 

a-superharmonic in 
rem 1.28] that 


we 


conclude from (13.2) and (13.3) with the help of [HI Theo- 


Ua°{x) = w'\q + Ua °{x) mn-a.e. in M"-. 

This implies = 0, for Ua°‘'^°{x) = U^°{x) holds n.e. in hence, also mn-a.e. in D^. 
A contradiction. □ 


13.4. Proof of Theorem 6.4 This theorem is a very particular case of 


7.2, 7.3] (see also [12] and Theorems 1, 2 and Proposition 1 therein). 


Theorems 7.1, 
□ 


13.5. Proof of Corollary 6.5 Since (a) follows directly from Theor em ]5.3[ assume the 
conditions of assertion (b) to hold. In the same manner as in Section 13.2, then one can 
see that the number Wf from Theorem 6.4 is strictly positive. Hence, by (6.9), 

T(x) ^ Wf > 0 n.e. in F, 

where T has been defined in Section |13.2 We can certainly assume that there is yo £ 
dDnCij^nF, for if not, then (b) is obvious. For every e > 0, it holds Ca{B{yo,e)nF') > 0, 
and therefore one can choose x^ G B{yQ, e) (1 F so that ^'(xe) ^ Wf > 0. This yields 


limsup 'I'(x) ^ tc/ > 0. 

xGD 


Likewise as in Section 


13.2 


we can thus see that T is discontinuous on dD n Cl-RnF, and 
Lusin’s type theorem for the a-Riesz potentials establishes the corollary. □ 


13.6. Proof of Corollary 6.6 Let w ■= Wf be the number from Theorem 
then w > 0. Proof of the statement that Xp £ S^a{F, 1) solves Problem 


3.2 


6.4 for / = 0; 
if and only if 

both (6.11) and (6.12) hold is based on Theorem |6.4l and runs in a way similar to that in 
the proof of Corollary 6.3 In particular, as an application of m Theorems 1.27, 1.29], we 


conclude from (6.10) with / = 0 that, if Aj? solves Problem 3.2, then 


(13.4) 


Ha {x) ^w + Ua (x) for all x G 


The very last statement of the corollary is obtained from (6.11) with the help of standard 


arguments (see, e.g., m pp. 137-138]), based on the strict positive definiteness of the 
a-Green kernel. □ 


13.7. Proof of Corollary |6.7[ , Having first assumed a < 2, we start by showing that 
(13.5) 


UgF (x) < w for all X G H \ S 


Suppose to the contrary that (13.5) is not satisfied for some xq G D\S'^^ 


w in accordance with (6.12), or equivalently 

(13.6) U^^xo) = w + U^^^^^{xo). 


Then Ugl (xq) 
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Choose e > 0 SO that B{xo,s) C D \ . Since then is a-harmonic in B{xo,e) 


_ l^a. 

and continuous on B{xo,e), while w + (•) is a-superharmonic in M"", we conclude 

from (13.4) and (13.6) with the help of [U Theorem 1.28] that 


U^^x) = w + Ur^^^^{x) 


rrin-dL.e. in 


As (x) = U^^{x) n.e. in we thus get w = 0. A contradiction. 


We next proceed by proving the former identity in (6.14). Let, on the contrary, there exist 
xi £ F such that xi 0 , and let C C I? \ be an open neighborhood of xi. Then, 

by (13.5), Ugi (x) < w for all x G V. On the other hand, since VnF has nonzero capacity, 
Uga {x 2 ) = w for some X 2 £ V hy (6.11). The contradiction obtained shows that, indeed, 
= F. Substituting this identity into (13.5) establishes (6.13) for a < 2. 


In the rest of the proof, a = 2. To verify (6.13), assume, on the contrary, that it does not 


hold for some X 3 in the domain Dq := D\F. According to (6.12), then = w, which 

3d 


in view of the harmonicity of U f in Dq implies, by the maximum principle, that 

9d 


Thus, 


U 2 {x) = w for all x £ Dq. 


lim U 2 (x) = w > 0 for all z G ODq. 
x^Dq 9 d 


Since Ca{^D£^^DQ) > 0 in consequence of Corollary 6.5, (b), Lusin’s type theorem for the 
Newtonian potentials shows that the preceding relation is impossible. 


In view of (6.11), [HJ Theorem 1.13] yields p= 0 , and so C doF. Thus, if we 

prove the converse inclusion, the latter identity in ( |6.14 ) follows. Assume, on the contrary, 
it not to hold; then one can choose a point y £ d^F and a neighb orhoo d Vi C H of y so 
that Vi n = 0 . As Vi n T has nonze ro cap acity, we see from (6.11) that there exists 

yi £ Vi such that {vi) = w. Taking (6.12) into account and applying the maximum 

9 d 1—I 

principle to the harmonic in Vi function U 2 , we thus have U f (x) = w for all x G Vi. 
_ 9d 9d 

This contradicts (6.13), because ViCi Dq ^ 0. □ 


13.8. Proof of Theorem 


6.8 


Since U^a (x) is continuous, so is U^S(x). Indeed 

i/£) ^ Ur-,''' 


9d' 


U^M = UU=:)-Up\x), 


which implies that UgS{x) is both lower semicontinuous and upper semicontinuous. Next, 
since Aq solves the non-weighted Problem 3.2 with the constraint both (6.5) and ( 6 . 6 ) 
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are fulfilled. As Ug^{-) is continuous, equality in (6.5) holds in fact everywhere on 


This allows us to rewrite (6.5) and (6.6) respectively as 


on S% , 
^ “^An on D, 


9d 


or equivalently, in the notations accepted in Section 6.3 


" “^^Ao on 5^, 
^ “^n;Ao on D. 


of Theorems 6.1 and 6.4 t 


uere: 


This establishes relations (|6.15|) and (|6.16[). Since d G r(F, 1) C Ti f(F, 1), application 

_ _ yjjiJ 

ore completes the proof. □ 


14. Examples 


In this section, n = 3 and x = {xi,X 2 , x^) is a point in In the following Examples 14.1 
14.3 consider 0 < a ^ 2, D := B{0, 1) and A 2 := then A 2 is not a-thin at w. 


Example 14.1. Write E := |x G E(0,1) : 0 ^ xi < 1, X2 = X3 = O}. Since Ca{E) = 0, 
yields Cg<^{E) = 0. Consequently, there exists a neighborhood F of E, closed 


2.3 


Lemma 

in D, with 0 < Cg<^{F) < 00 . We can certainly assume that dD n C^rsE = {(1,0,0)}. 
Consider an external field / such that f{x) < 00 n.e. in E unless Case II holds. Application 
of Lemma 14.71 Theorems 15.21 and 15.41 then shows that, in both Cases I and 11, Problem 13.1 


is (uniquely) solvable for every a G A{F) U {00}. 

Example 14.2. Let F = D. Define ^ := mali?; then ^ G ^o{F) and has finite a-Riesz 
energy and thus it is admissible (see Definition 4.6). Consider an external field / such that 


Case I holds and f{x) < 00 maljr-a.e. Hence, by Lemma 4.7, assumptions (3.6) and (3.7) 
hold and so we can apply Theorems 5.1 and |5.4| to conclude that Problem is solvable; 
that is, no short-circuit between the conductors E and occurs, though they touch each 
other over the whole sphere 5(0,1). 

Example 14.3. Let E = 5(xo,l/2) HD, where xq = (1/2, 0,0). Consider an external 
field / such that Case I holds and f{x) < 00 m 2 |F-a.e. We further assume 1 < a < 2. 
Define | := m 2 |_F; then (since a > 1) ^ has finite a-Riesz energy and so, as in the previous 
example, we can apply Theorems |5.1| and 5.4 to obtain the solvability of Problem |3.1[ 


Example 14.4. Let a = 2, E = {x G : xi > O} and E = {x G E : xi = l}; 
then A 2 = is not 2-thin at a;, while Cg 2 ^{F) = 00, for C' 2 (E) = 00 by [HI Chapter II, 
Section 3, n°14]. Let, in addition. Case II with ^ 0 hold. Then, by Theorems 5.3 
and |5.4[ Problem 3.1 is nonsolvable for every a G A{F) U {00} such that a ^ where 


^0 £ ^(P") \ 21o(E) is properly chosen. Thus, for these a, a short-circuit between E and E^ 
occurs at w. To construct a constraint which would not allow such a short-circuit, consider 
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Kk, /c G N, where Kk := {x £ F : {k — 1)^ ^ X 2 +x\ ^ for all /c ^ 2 and 
-fCi := {x G F : + X3 ^ l}, and write 


c=E 

feeN 


m2\Kk 


Then ^ is bounded and admissible, and so we can again use Theorems 5.1 and 5.4 to see 
that Problem 3.1 for this constraint ^ is solvable. 



Example 14.5. Let a = 2, Case II with ( ^ 0 hold, and let F and D be defined by 
F ;= {x G : 2 ^ xi < 00 , x^ + X 3 = p\{xi), where pi{xi) = exp(—xi)}, 

F := {x G : 1 < xi < 00 , x^ + x| < p^{xi), where P 2 {xi) = x^^]. 

Then A2 = is not 2 -thin at w, while C„2 (F) = 00 , for C'2(F) = 00 by 

^ D 


Hence, by 

Theorems 5.3 and |5.4[ Problem 3.1 is nonsolvable for every a G -4.(F) U { 00 } such that 
<7 ^ Co) where ^0 £ \ ^o(F) is properly chosen. However, Problem |3.1| with ^ := 7712 !^ 


is already solvable, which is seen from Theorems 5.1 and 5.4 
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